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Abstract
In this paper, a 3D double-layered model is introduced to simulate the highway subgrade after ground
improvement and thus analytical solutions for the dynamic response of the model subjected to a constant
rectangular moving load are derived. Based on elastodynamics and Biot’s poro-elastic theory, the gen-
eral solutions are obtained using the Helmholtz decomposition method and the Fourier transformation.
The boundary value problem is formulated in the transformed domain and its ﬁnal integral solutions are
presented in time-space domain. Numerical calculations show that the analytical solutions can take into
account some design parameters of ground improvement, which include load speed, permeability of the
porous medium, stiﬀness and thickness of the reinforced layer. The results in this paper may be used as
a reference to optimize the ground improvement scheme.
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1 Introduction
Since the 1950s, there have been numerous studies concerning the dynamic response of a half-space
medium subjected to a moving load, among which the soil medium is regarded homogeneous elastic
[4, 6]. Considering that saturated soils consist of the soil skeleton and the pore water, a porous medium
model is more appropriate to stimulate the subsoil. For this reason, some researchers started to address
moving load problems based on Biot’s theory [3, 9, 11]. In practice, most foundations consist of several
layers and the soils are inhomogeneous as well. Therefore, articles concerning the dynamic response of
a layered half-space, regardless of the type of soil medium, caused by vehicle loads can also be found (
[5, 7] for the elastic or viscoelastic case and [12, 14] for the poroelastic case ). General review on this
subject has been presented in the paper of Beskou [1].
It should be mentioned that all aforementioned investigations have conﬁned the half-space to a
medium of just one kind, e.g. poroelastic, which cannot model a reinforced highway soft subgrade
properly. Ground improvement, like soil mixing, dynamic compaction and deep vibro technique, is
essential to ensure that the highway embankment is stable and its deformation under working loads is
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Figure 1: A double-layered model for highway subgrade
allowable. That is, there is always a reinforced layer on the underlying subsoil, whose modulus is much
larger than the soft subsoil while the permeability is much lower. For this reason, a homogeneous elastic
medium is more appropriate for modeling the overlying reinforced layer and a saturated porous medium
is preferred to model the underlying soft subsoil.
In this paper, a 3D double-layered model is ﬁrst introduced to simulate the highway subgrade after
ground improvement and then a three-dimensional analytical solution for the dynamic response of the
model when subjected to a constant rectangular moving load is derived. Finally, the eﬀect of several
parameters, including load velocity, stiﬀness together with thickness of the reinforced layer and perme-
ability of the porous medium, on the dynamic response of the improved subgrade under traﬃc loads
are examined through numerical examples. The parametric study conducted herein helps engineers to
optimize the ground improvement scheme.
2 Double-layered Model and its Solutions
The double-layered model for highway subgrade after ground improvement is illustrated in Fig. 1. The
overlying reinforced layer, whose thickness is h1, is modeled by elastic medium, while the underlying
soft subsoil, the thickness of which is (h2−h1), is modeled by poroelastic medium. Introduce a Cartesian
coordinate system and the directions of axes x, y and z are shown in Fig. 1. Let a rectangular distributed
load of magnitude Fz be applied normal to the surface of the double-layered subgrade and move along
the x-axe at a constant velocity c. Meanwhile, establish a local coordinate system on the center of the
distributed load. The local x-axe is denoted by xc, which satisﬁes xc = x − ct and t denotes time.
According to elastodynamic theory without considering body forces, the constitutive equation for a
homogeneous elastic medium is (
λ(1) +G(1)
)
u(1)j,i j +G
(1)u(1)i, j j = ρ
(1)u¨(1)i (1)
the superscript “(1)” denotes variables of the overlying elastic medium; u(1)i denotes the displacement
vector; λ(1) andG(1) are Lame constants of the elastic solid; ρ(1) is the mass density of the elastic medium.
According to Biot’s theory ignoring body forces, (2) holds for a bulk porous medium and pore ﬂuid
G(2)u(2)i, j j +
(
λ(2) + α2M +G(2)
)
u(2)j, ji + αMwj, ji = ρ
(2)u¨(2)i + ρfw¨i
αMu(2)j, ji + Mwj, ji = ρf u¨
(2)
i + mw¨i +
η
k
K(t) ∗ w˙i
(2)
the superscript “(2)” represents the underlying poroelastic medium; u(2)i and wi denote the displacement
of solid skeleton and the inﬁltration displacement of the pore ﬂuid respectively; λ(2) and G(2) are Lame
constants of the solid skeleton; α and M are Biot’s parameters [2] accounting for compressibility of
the porous medium; ρ(2) and ρf denote the density of the medium and the density of the pore ﬂuid,
ρ(2) = (1 − n)ρs + nρf , ρs is the density of the solid skeleton and n is the porosity of the porous medium;
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m = a∞ρf/n where a∞ is tortuosity; η represents the viscosity of the pore ﬂuid and k accounts for the
permeability of the porous medium; K(t) is a time-dependent viscosity correction factor [10] and a star
(∗) between two quantities denotes time convolution.
To transform (1) and (2) from partial diﬀerential equations into ordinary diﬀerential equations with
the vertical coordinate z serving as the variable, the triple Fourier transformation is applied, that is,
ˆ¯˜χ = ˆ¯˜χ(ξx, ξy, z, ω) =
∫ +∞
−∞
∫ +∞
−∞
∫ +∞
−∞
χ(x, y, z, t)e−i(ξx x+ξyy+ωt)dxdydt
χ = χ(x, y, z, t) =
(
1
2π
)3 ∫ +∞
−∞
∫ +∞
−∞
∫ +∞
−∞
ˆ¯˜χ(ξx, ξy, z, ω)ei(ξx x+ξyy+ωt)dξxdξydω
(3)
where the superimposed symbols “−” “∼” “∧” denote the Fourier transformation with respect to time t,
x and y coordinates respectively; ξx and ξy are wave numbers along x and y axes; ω denotes frequency.
Using the Helmholtz potential and the triple Fourier transformation, general solutions for the dy-
namic response of an elastic medium [8] and a poroelastic medium [11] are derived in the frequency-
wave-number domain. The transformed domain solutions for stresses, displacements and the pore pres-
sure take the unit form as
ˆ¯˜χ(1,2) = χ(1,2)L(1,2) (4)
where χ represents a certain mechanical quantity of the dynamic response; χ is the coeﬃcient vector of
the solution for the variable χ, e.g. σ(1)z accounts for the coeﬃcient vector of ˆ¯˜σ
(1)
z in the elastic medium.
As the paper length limits, only those which will be discussed later are presented in (5) and (6). The
other coeﬃcient vectors have similar structures.
σ(1)z =
[
(2G + λ) γ2p − λ
(
ξ2x + ξ
2
y
)
, (2G + λ) γ2p − λ
(
ξ2x + ξ
2
y
)
,−2iGξyγs, 2iGξyγs, 2iGξxγs,−2iGξxγs
]
H(1)
(5)
where γp =
√
ξ2x + ξ
2
y − (ω/cp)2, γs =
√
ξ2x + ξ
2
y − (ω/cs)2, cp =
√
(λ + 2G) /ρ, cs =
√
G/ρ
and G, λ, ρ in (5) are short for G(1), λ(1) and ρ(1) respectively.
p(2) =
[
−Afk2f ,−Afk2f ,−Ask2s ,−Ask2s , 0, 0, 0, 0
]
H(2)
σ(2)z =
[
−λk2f + 2Gγ2f + αAfk2f ,−λk2f + 2Gγ2f + αAfk2f ,−λk2s + 2Gγ2s + αAsk2s ,−λk2s + 2Gγ2s + αAsk2s ,
−2iGξyγt, 2iGξyγt, 2iGξxγt,−2iGξxγt
]
H(2)
(6)where the deﬁnition of parameters kf,s,t, γf,s,t, Af,s can be found in [11]; G, λ, ρ in (6) are short for
G(2), λ(2) and ρ(2) respectively.
In addition, H(1,2) is diagonal matrices and can be expressed as
H(1) = Diag (eγpz, e−γpz, eγsz, e−γsz, eγsz, e−γsz) , H(2) = Diag (eγfz, e−γfz, eγsz, e−γsz, eγtz, e−γtz, eγtz, e−γtz)
L is also a vector whose components are constants and will be derived afterwards. It is worth noting
that the number of unknown constants of L(1) is six, while L(2) contains eight unknowns.
To solve the unknown vectors L(1) and L(2), some appropriate boundary conditions are required. The
boundary conditions on the interface z = 0 are written as
σ(1)z
∣∣∣
z=0 = −FzH
(
a2 − x2c
)
H
(
b2 − y2
)
, τ(1)xz
∣∣∣
z=0 = τ
(1)
yz
∣∣∣
z=0 = 0 (7)
where H(·) is a step function.
At the two-layer interface (z = h1), the displacement ux, uy, uz and stress σz, τxz, τyz should be
continuous. Therefore, boundary conditions of stress and displacement at the interface z = h1 are
u(1)x
∣∣∣
z=h1
= u(2)x
∣∣∣
z=h1
, u(1)y
∣∣∣
z=h1
= u(2)y
∣∣∣
z=h1
, u(1)z
∣∣∣
z=h1
= u(2)z
∣∣∣
z=h1
σ(1)z
∣∣∣
z=h1
= σ(2)z
∣∣∣
z=h1
, τ(1)xz
∣∣∣
z=h1
= τ(2)xz
∣∣∣
z=h1
, τ(1)yz
∣∣∣
z=h1
= τ(2)yz
∣∣∣
z=h1
(8)
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Considering the permeability of the reinforced layer is much lower than the underlying subsoil, the
top of the soft subsoil is supposed to be impermeable. Assuming that the bottom of the underlying
subsoil is impermeable and rigid, thus no vertical ﬂow occurs and no soil displacement is accumulated,
therefore
u(2)x
∣∣∣
z=h2
= u(2)y
∣∣∣
z=h2
= u(2)z
∣∣∣
z=h2
= 0;
∂
∂z
p(2)
∣∣∣
z=h1
= 0,
∂
∂z
p(2)
∣∣∣
z=h2
= 0 (9)
Applying the triple Fourier transformation (the ﬁrst equation of (3)) on (7), (8), (9), the boundary
conditions in the frequency-wave-number domain can be derived as (10), (11) and (12) respectively.
M0L(1) =
[
−8πFz sin(ξxa)
ξx
sin(ξyb)
ξy
δ (ω + ξxc) , 0, 0
]T
(10)
M1L(1) =M2L(2) (11)
QL(2) = [0, 0, 0, 0, 0]T (12)
where M0 =
[
σ(1)z , τ
(1)
xz , τ
(1)
yz
]T ∣∣∣
z=0; M1 =
[
u(1)x , u
(1)
y , u
(1)
z , σ
(1)
z , τ
(1)
xz , τ
(1)
yz
]T ∣∣∣
z=h1
;
M2 =
[
u(2)x , u
(2)
y , u
(2)
z , σ
(2)
z , τ
(2)
xz , τ
(2)
yz
]T ∣∣∣
z=h1
; Q =
[
∂
∂z
p(2)
∣∣∣
z=h1
, u(2)x
∣∣∣
z=h2
, u(2)y
∣∣∣
z=h2
, u(2)z
∣∣∣
z=h2
,
∂
∂z
p(2)
∣∣∣
z=h2
]T
Let M0M1−1M2 =W, then (10) is transformed into
WL(2) =
[
−8πFz sin(ξxa)
ξx
sin(ξyb)
ξy
δ (ω + ξxc) , 0, 0
]T
(13)
thus, (12) and (13) can be combined to obtain the unknown vector L(2), namely
L(2) =
[
W
Q
]−1 [
−8πFz sin(ξxa)
ξx
sin(ξyb)
ξy
δ (ω + ξxc) , 0, 0, 0, 0, 0, 0, 0
]T
(14)
which, together with Eq. (11), leads to
L(1) =M1−1M2
[
W
Q
]−1 [
−8πFz sin(ξxa)
ξx
sin(ξyb)
ξy
δ (ω + ξxc) , 0, 0, 0, 0, 0, 0, 0
]T
(15)
Substituting Eqs. (14) and (15) into Eq. (4), the solutions regarding dynamic stresses, displacements
and pore pressure are determined in the transformed domain. Then using Eq. (3) and eliminating Dirac’s
delta function, the ﬁnal solutions are derived in the form of integration, that is
χ(1,2) =
(
1
2π
)3 ∫ +∞
−∞
∫ +∞
−∞
[
χ(1,2)L∗(1,2)
]
ei(ξx xc+ξyy)dξxdξy (16)
where L∗(1,2) = L(1,2)
/
δ (ω + ξxc)
3 Numerical Results and Discussions
In this section, numerical studies are performed to evaluate the variation of some quantities of inter-
est, including pore water pressure p(x, y, z, t) and eﬀective stress, especially vertical eﬀective stress
σz(x, y, z, t), with respect to thickness of the reinforced layer h1, load speed c, stiﬀness of the reinforced
layer E(1) and permeability of the underlying subsoil k. Among these parameters, h1 and E(1) are major
design concerns of ground improvement, c and k are important design parameters as well. In order to
obtain the results, the Fast Fourier Transform (FFT) is performed so that the inverse Fourier transform
in Eq. (16) can be conducted. To avoid aliasing and leakage while conducting the inverse transform, a
discrete grid of 2046×2046 for the domain −16 m−1  ξx, ξy  16 m−1 is adopted for the FFT algorithm.
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Figure 2: Eﬀect of thickness of the reinforced layer on the dynamic response of the double-layered
model: (a) vertical eﬀective stress; (b) pore pressure.
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Figure 3: Eﬀect of load moving speed on the dynamic response of the double-layered model: (a)
vertical eﬀective stress; (b) pore pressure.
The rectangular moving load, whose length and width are 2a × 2b = 4 m × 2 m, travels with velocity
c = 30 m/s and intensity Fz = 12.5 kN/m2. Material constants and the thickness of the upper layer are
assumed as: E(1) = 50 MPa, ν(1) = 0.25 (λ(1) = G(1) = 20 MPa), ρ(1) = 1.9 × 103 kg/m3 and h1 = 2 m.
Parameters for the lower layer are chosen as follows: E(2) = 15 MPa, ν(2) = 0.3 (λ(2) ≈ 8.65 MPa,
G(2) ≈ 5.77 MPa), ρs = 1.8 × 103 kg/m3, ρf = 1.0 × 103 kg/m3, n = 0.3 (ρ(2) = 1.56 × 103 kg/m3),
α = 0.95, M = 5.0 × 103 MPa, η = 0.01, k = 1.0 × 10−11 m3 · s/kg, a∞ = 2 and h2 = 10 m. Since
the ﬁercest response tends to occur at the loading center, the dynamic response is only illustrated of the
points with coordinates xc = y = 0 m and 0 m  z  10 m (pore water pressure only exists in the
underlying subsoil, therefore, region h1  z  10 m is adopted when discussing p). All the numerical
studies are performed under the same parameters as mentioned above unless speciﬁed otherwise.
3.1 Eﬀect of Thickness of the Reinforced Layer
Fig. 2a shows the vertical distribution of the normalized vertical eﬀective stress (σz/Fz) and the normal-
ized pore pressure (p/Fz) for three diﬀerent values of h1 (1 m, 2 m, 3 m). It can be seen from Fig. 2a that
σz/Fz decreases by around 60% when z/h2 increases from 0 to 0.2. At this range, the stress responses
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Figure 4: Eﬀect of stiﬀness of the reinforced layer on the dynamic response of the double-layered
model: (a) vertical eﬀective stress; (b) pore pressure.
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Figure 5: Eﬀect of permeability of the underlying soil on the dynamic response of the double-layered
model: (a) vertical eﬀective stress; (b) pore pressure.
are almost uniform with diﬀerent h1, while around level z/h2 = 0.3, the soil layer exhibits a 20% lower
σz/Fz in the case of h1 = 3 m compared with the case h1 = 1 m, suggesting that the thickness of treated
soil has a slight positive eﬀect on the reduction of the dynamic stress response. The inﬂuence of h1 on
the traﬃc-induced pore pressure is investigated and illustrated in Fig. 2b. It shows that diﬀerent thick-
nesses aﬀect the pore pressure signiﬁcantly at the top of the underlying subsoil. However, the inﬂuence
decreases rapidly with depth and disappears when 0.4  z/h2  1.0. Consequently, it is necessary to
determine the depth of improvement, by balancing the degree of dynamic response and the cost.
3.2 Eﬀect of Load Speed
In Fig. 3a, σz/Fz is plotted against z/h2 for diﬀerent values of load speed, i.e. c = 10, 30, 60 m/s.
It can be seen from Fig. 3a that in the ﬁrst two cases, the stress responses are nearly identical while
c = 60 m/s, the vertical eﬀective stress response is higher when 0.2  z/h2  1.0. This observation
implies a critical load speed for the double-layered model, in agreement with [13], as the load speed has
a non-liner eﬀect on σz. It is also clear from Fig. 3b that load speed has an impact on the pore pressure
response, especially at the top and the bottom of the underlying soil layer, where the distribution of p is
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quite diﬀerent from that in Fig. 2b. As for the region 0.3  z/h2  0.6, load speed does not make much
diﬀerence to p. Hence, dynamic eﬀect should be taken into consideration in pavement design.
3.3 Eﬀect of Stiﬀness of the Reinforced Layer
The distribution of σz, versus the stiﬀness of the reinforced layer, E (short for E(1)), for the values of
50 MPa, 100 MPa and 150 MPa is presented in Fig. 4a. The values partly cover the ranges of stiﬀness of
cement soils in practical applications. It shows that the distribution of σz/Fz in Fig. 4a is similar as the
one in Fig. 2a, that is, the diﬀerence of σz with the same depth but diﬀerent values of E or h1, i.e. δσz, is
negligible at z/h2 = 0.0, then increases from z/h2 = 0.0 to z/h2 = 0.2, at which δσz reaches the largest,
and gradually diminishes as z/h2 gets closer to 1.0. However, the maximum value of δσz in Fig. 4a is
larger than that in Fig. 2a, manifesting that the parameter, E, has a greater inﬂuence on the decrease of
σz/Fz, which can be as much as 40% (E rises from 50 MPa to 150 MPa) around the level of two-layer
interface. For practical applications, the dynamic stress in the reinforced foundation under the highway
could be reduced by the deep mixing columns with higher stiﬀness and larger area replacement ratio.
Fig. 4b shows the vertical distribution of normalized pore pressure, p/Fz, for diﬀerent values of E. The
pore pressure with diﬀerent E is almost the same with each other for 0.4  z/h2  1.0. However, p/Fz
with a larger value of E is smaller for 0.2  z/h2  0.4 to a degree. The diﬀerences between them
become larger in shallower locations until z = h1.
3.4 Eﬀect of Soil Permeability
The permeability of the underlying soil, k0, is related to the parameters k and η, such that k0 = kρg
/
η.
In order to investigate the inﬂuence of soil permeability on the traﬃc-induced dynamic response
of the model, a underlying layer with ﬁxed η (= 0.01 as given) and varying k is used in the following
example. The typical value of k is taken as 1.0 × 10−10 m3 · s/kg, 1.0 × 10−11 m3 · s/kg and 1.0 ×
10−12 m3 · s/kg for three diﬀerent clays. As shown in Fig. 5a, the soil permeability has a minor eﬀect
on the vertical stress response. Therefore, the inﬂuence of soil permeability can be ignored when the
vertical eﬀective stress is being calculated. From Fig. 5b it can be observed that the curve for E =
1.0 × 10−10 m3 · s/kg is totally diﬀerent from the one for the other two. A dramatic increase in the
magnitude of pore pressure takes place with k ranges from 1.0× 10−10 m3 · s/kg to 1.0× 10−11 m3 · s/kg,
yet the result for k = 1.0 × 10−12 m3 · s/kg indicates only a slight increase compared with the curve
k = 1.0× 10−11 m3 · s/kg. The largest diﬀerences between them occur at z/h2 = 0.2 and the three curves
are almost identical for 0.4  z/h2  0.8. Considering the behaviour of soils is more complex than
perfectly elastic, higher dynamic pore water pressure may lead to larger accumulated pore pressure and
result in larger consolidation settlement. As a result, it is better to take extra measures, which can help
reduce the pore pressure especially at the two-layer interface, for low-permeability underlying subsoils.
4 Conclusions
A double-layered model is introduced in this paper to simulate the highway subgrade after ground im-
provement and a three-dimensional analytical solution for the dynamic response of the model subjected
to a constant rectangular moving load has been derived. Numerical examples show that: (1) high stiﬀ-
ness of the reinforced layer helps to reduce the dynamic response. Higher stiﬀness also leads to smaller
pore pressure response; (2) the higher the speed, the larger the response, in particular there may exist
a critical speed as far as the stress response is concerned; (3) increasing the thickness of the reinforced
layer is another option to reduce dynamic stress response, but its inﬂuence is less than the stiﬀness. On
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the contrary, it aﬀects the pore pressure response more signiﬁcantly than the stiﬀness; (4) the perme-
ability of the underlying subsoil has minor inﬂuence on the vertical dynamic stress, but it aﬀects the
traﬃc-induced pore pressure to a great extent. The following suggestions can be given as a reference
to optimize the ground improvement scheme: (1) when strategies like soil mixing are implemented to
improve the highway pavements, it is necessary to determine the stiﬀness of columns, area replacement
ratio and depth of improvement with optimization methods so as to reduce the dynamic response at
a reasonable cost; (2) dynamic eﬀect should be considered in pavement design; (3) it is better to take
extra measures, which help reduce the pore pressure, for low-permeability highway foundations after
ground stabilization. The analytical solution can also be important as it helps engineers to determine
the dynamic stresses during a single load cycle and further predict permanent settlement of highway
pavements, if implemented with a certain accumulation model for sand or clay.
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